Abstract. Inspired by a question raised by Eisenbud-Mustaţă-Stillman regarding the injectivity of maps from Ext modules to local cohomology modules, we introduce a class of rings which we call cohomologically full rings. In positive characteristic, this notion coincides with that of F-full rings studied by Pham and the third author, while in characteristic 0, they include Du Bois singularities. We prove many basic properties of cohomologically full rings, including their behavior under flat base change. We show that ideals defining these rings satisfy many desirable properties, in particular they have small cohomological and projective dimension. Furthermore, we obtain Kodaira-type vanishing and strong bounds on the regularity of cohomologically full graded algebras.
Introduction
Throughout this paper, all rings we consider are commutative, Noetherian, and contain an identity element. For an ideal I of a ring S, the local cohomology modules H i I (S) can be described as H i I (S) = lim − →e Ext i S (S/I e , S) for all i 0, where {I e } is a decreasing sequence of ideals cofinal with the ordinary powers {I e }, and the maps in the directed system are induced by the natural surjections. Clearly, it would be hugely beneficial if the direct limit above is actually a union, for then many questions about local cohomology can be reduced to understanding finitely generated modules. Motivated by such idea, when S is a polynomial ring over a field, Eisenbud We observe that, quite generally for any regular local ring (S, m) of dimension n, the natural map Ext .1 for more details). Motivated by this, we introduce the following intrinsic definition, which will be the main object of study of this article. Definition 1.1. Let (R, m, k) be a local ring, and let R red = R/ √ 0. We say that R is i-cohomologically full if, for every surjection (T, n) ։ R with T red = R red , the natural map
is surjective. We say that R is cohomologically full if it is i-cohomologically full for all i.
The definition can be adapted easily to the (standard) graded case, see Definition 2.3. In this paper we investigate the ubiquity and properties of cohomologically full rings. Our main findings can be summarized below.
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(1) Under very mild assumptions, ideals whose quotients are cohomologically full are precisely the ones that satisfy Eisenbud-Mustaţă-Stillman's question mentioned above.
In positive characteristics, they also answer completely the original motivational question: S/I is cohomologically full if and only if the local cohomology module H i I (S) can be written as a directed union of the Ext modules. See 2.1 and 3.6.
(2) The class of cohomologically full rings strictly include many classes of well-known singularities: Cohen-Macaulay local rings, F-pure rings in positive characteristics, Du Bois singularities in characteristics 0. In fact, we show that when R has characteristic p > 0, cohomologically full rings are exactly F-full rings introduced in [MQ16] . We extend tight bounds on cohomological dimension and projective dimension of ideals defining these singularities to cohomologically full rings. See 2.2, 2.4, 2.5 and 2.7. (3) We study carefully how cohomological fullness behaves under some basic operations:
gluing, base change, reduction to positive characteristics. These properties allow us to classify this class of rings in small dimensions and give a wealth of examples. See 2.8, 2.10, 2.11 and Section 3. (4) We establish a strong bound on regularity of a homogeneous ideal I in a polynomial ring S such as S/I is cohomologically full. Roughly speaking, the bound is just the number of generators of I times the maximal degree of the generators. Intriguingly, our proof uses reduction to characteristic p. See Subsection 4.1. (5) Cohomologically full standard graded k-algebras that are Cohen-Macaulay on the punctured spectrum satisfy Kodaira-type vanishing theorem and certain Lyubeznik numbers can be read off as the 0-pieces of local cohomology modules. Such statements partially generalize previous results on the singularities mentioned above. See Subsections 4.2 and 4.3. Beyond these results, there is more evidence that cohomologically full rings satisfy many desirable properties. For instance, in a recent preprint [CV18, Proposition 2.2,2.4], Conca and Vabaro have extended some results on Du Bois singularities by Kollár-Kovács to cohomologically full rings and use them to settle a conjecture by Herzog on ideals with square-free initial ideals. This paper is organized as follows. In Section 2 we prove some basic properties of cohomologically full rings and in Section 3 we study the behavior of cohomologically full rings under various base change, properties (1)-(3) mentioned above will be proved in these sections. Finally in Section 4, we prove the aforementioned (4) and (5), as well as some other applications. Examples will be given throughout.
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Basic properties
In this section we prove some basic properties of cohomologically full rings. We begin with the following result which gives alternative characterizations of cohomologically full rings. For example we will see that, under very mild assumptions, cohomologically full rings are precisely those for which Eisenbud-Mustaţă-Stillman's question has a positive answer. This will be our main tool for studying properties of this class of rings.
We recall that a regular local ring (S, m) is unramified if either S has equal characteristic, or S has mixed characteristic (0, p) and p / ∈ m 2 . Equivalently, the m-adic completion of S is either a power series ring over a field, or a power series ring over a complete and unramified discrete valuation ring of mixed characteristic.
Proposition 2.1. Let (R, m, k) be a local ring. Consider the following conditions:
(1) R is i-cohomologically full.
(2) For every surjection A ։ R ∼ = A/I from a regular local ring A, and every ideal J ⊆ I with 
Then we have
Moreover, if R is a homomorphic image of an unramified regular local ring S, say R = S/I, then (1) − (4) are all equivalent to: Now, assuming that R = S/I is a homomorphic image of an unramified regular local ring (S, m, k), we will show (5) ⇒ (1), and this will complete the proof. Let T ։ R be a surjective ring homomorphism with T red = R red . We want to show that the induced map H (S) is injective or not, we may assume without loss of generality that R, S, T are all complete local rings. We pick a coefficient ring for V for T : in equal characteristic V ∼ = k is a field; in mixed characteristic, (V, pV ) is a complete and unramified discrete valuation ring with V /pV ∼ = k. We have S V / / T / / R. By [Gro64, (19.8.6 .(i))], there exists a map V → S making the diagram commute. Therefore V can be viewed as a coefficient ring for S since R, S, T have the same residue field. Since S is complete and unramified, and V is a coefficient ring for S, by Cohen's structure theorem we have S ∼ = V x , where x denotes a set of n or n − 1 variables over V , depending on
where the first map is injective by assumption. Applying the functors − ⊗ S S y first and Γ y (−) after that, we get an exact sequence:
Since y is a nonzerodivisor on C ⊗ S S y , we see that H 0 y (C ⊗ S S y ) = 0. Moreover, since y is a nonzerodivisor on Ext n−i S y (S y /I, S y ) it is easy to see that Finally, a spectral sequence for local cohomology gives
I+y (S y ), and combining all the above we finally obtain injectivity of the map Proof. We write R = S/I for an unramified regular local ring S. After going modulo p, if necessary, we can assume char (S) = p > 0. Setting I e = I
[p e ] and using the equivalence (1) ⇔ (6) in Proposition 2.1, we obtain that R is cohomologically full if and only if H So far our Definition 1.1 and Proposition 2.1 are restricted to local rings. But they can be easily adapted to the graded set up.
Definition 2.3. Let (R, m, k) be a standard graded k-algebra (i.e., R can be generated by finitely many elements of degree one over k and m denote the irrelevant maximal ideal). We say R is cohomologically full if R m is cohomologically full.
If we write R = S/I where S = k[x 1 , . . . , x n ] is a standard graded polynomial ring, then by Definition 2.3 and Proposition 2.1, R is cohomologically full if and only if for any sequence of homogeneous ideals {I e } in S cofinal with the ordinary powers {I e }, the natural map H Remark 2.4. We collect some immediate consequences of Proposition 2.1 and Corollary 2.2.
(1) The proof of Proposition 2.1 (5) ⇒ (1) actually shows that, when R is a homomorphic image of an unramified regular local ring S, R is i-cohomologically full if and only if R is i-cohomologically full. Recall that, given a proper ideal I inside a ring S, the cohomological dimension of I in S is defined to be cd(I, S) = sup{j ∈ N | H j I (S) = 0}. We always have inequalities ht(I) cd(I, S) µ(I), where µ(−) denotes the minimal number of generators of a module.
Proposition 2.5. Let (S, m, k) be a regular local ring of dimension n, and I ⊆ S be an ideal. Suppose S/I is cohomologically full. Then depth(S/I) n − cd(I, S). Furthermore, equality holds if any of the following additional conditions is satisfied:
(1) There exists a sequence of ideals {I e }, cofinal with {I e }, such that depth(S/I) = depth(S/I e ) for all e. In particular, the equality holds when char (S) = p > 0. Proof. Let n = dim(S). It is sufficient to observe that pd S (S/I) = n − depth(S/I) cd(I, S) µ(I), where the only nontrivial inequality follows from Proposition 2.5.
We next present some general "gluing results" for cohomologically full rings.
Proposition 2.8. Let (S, m) be an unramified regular local ring, and J, K be two ideals of S. Let R = S/I, where I = J ∩ K. Consider the following integers:
(1) Suppose that l < h. Then R is cohomologically full if and only if both S/J and S/K are cohomologically full. Proof. Without loss of generality, we can assume that S is complete. For all integers j, we have the following commutative diagram:
We first prove (1). To this end, we can assume that j l in the diagram above. But then Ext
Chasing the above diagram immediately shows that the injectivity of the two middle vertical maps are equivalent.
The case of (2) is similar for j l Finally, we prove (3). Given part (2), the only claim left to show is that, if R is cohomologically full, then so is S/J + K. Assume that R is cohomologically full. Since S/I and S/K are also cohomologically full, it follows from Proposition 2.5 that cd(J, S) = pd S (S/J) and cd(K, S) = pd S (S/K), so that max{cd(J, S), cd(K, S)} l ′ . For each j l ′ + 1, the tail of the diagram above breaks into squares:
where the horizontal maps are isomorphisms. Since S/I is assumed to be cohomologically full, it follows that S/J + K must be cohomologically full as well.
Remark 2.9. In Proposition 2.8, the assumptions regarding l and l ′ in relation to h cannot be relaxed, even when J + K is m-primary. For example, let (S, m) be a regular local ring, J be a prime ideal of dimension 1, and K = m c , with J ⊆ K. Then depth(S/J ∩ K) = 0, so S/J ∩ K cannot be cohomologically full by Corollary 2.6, even if S/J and S/K are. Note that Proposition 2.8 does not apply, since l = l ′ = h in this case. Proof. If dim R = 1, being cohomologically is equivalent to being Cohen-Macaulay by Remark 2.4 (4) and Corollary 2.6. Since R is assumed to have positive depth, the statement is then clear since each S/I i is also Cohen-Macaulay. We can therefore assume that dim R 2, and we induct on r, the number of connected components of Spec R {m}. If r = 1, the statement is a tautology. Suppose r > 1, and let J = I 1 and K = I 2 ∩ · · · ∩ I r , so that I = J ∩ K. Observe that S/J + K is cohomologically full, since J + K is m-primary. Proposition 2.8 part (2) gives that R is cohomologically full if and only if S/J and S/K are. The claim now follows by induction, since the punctured spectrum of S/K has r − 1 connected components.
Corollary 2.11. Let (S, m, k) be a complete unramified regular local ring with separably closed residue field k, and let I be an ideal of S. Assume that R = S/I has dimension 2. Let Proof. By Proposition 2.10, we only need to show that if Spec R {m} is connected, then R is Cohen-Macaulay. But the condition that Spec(R) {m} is connected implies that cd(S, I) n − 2 [Ogu73, HS77], and it follows that depth R 2 by Proposition 2.5.
Let J, K be two ideals in an unramified regular local ring S such that J ∩ K = JK and such that both S/J and S/K are cohomologically full. One can ask if the rings S/J ∩ K and S/(J +K) are cohomologically full as well. This is true when S/J, S/K are Cohen-Macaulay. Because in this case we have S/J + K is also Cohen-Macaulay by the depth formula [Aus61, Theorem 1.2], and then we can use Proposition 2.8 for S/J ∩ K. However, the answer is no in general as the following example shows.
Example 2.12. Let S = k x, y, z and J = (xy, xz). Then S/J is cohomologically full by Remark 2.4 (5). Let r ∈ S be such that its image in S/J is a nonzerodivisor. Then S/(r) is cohomologically full (since it is Cohen-Macaulay) and (r) ∩ J = rJ. However, S/J + (r) cannot be cohomologically full for any choice of such r, since depth(S/J + (r)) = 0 (see Corollary 2.6).
Cohomologically full rings under base change
In this section we study how cohomologically full rings behaves under various instances of base change.
3.1. Deformation. We begin by proving the following deformation result for cohomologically fullness. This recovers the statement for F-full rings [MQ16, Theorem 4.2 (2)], and generalizes it to rings of any characteristic. We first recall that a nonzerodivisor x in a local ring (R, m) is called a surjective element if the natural map on the local cohomology module
is surjective for all n > 0 and i 0. It is clear that if R/(x) is cohomologically full, then x is a surjective element.
Theorem 3.1. Let (R, m, k) be local ring that is a homomorphic image of an unramified regular local ring. Let x ∈ m be a nonzerodivisor on R. If R/(x) is cohomologically full, then R is cohomologically full.
Proof. By Remark 2.4 (1) we may assume R is complete. If R/(x) is cohomologically full, then
In particular, x is a surjective element. It follows from [MQ16, Proposition 3.3] that the long exact sequence of local cohomology modules induced by
/ / 0 splits into short exact sequences. That is, for every i, we have short exact sequences
Let S ։ R be a surjection where S is a complete and unramified regular local ring. Taking the Matlis dual of the above sequence and applying local duality, we have the following commutative diagram
where j = dim(S) − i and β is injective by Proposition 2.1, because R/(x) is cohomologically full. Now suppose there is 0 = η ∈ Ext
Since α(η) = 0 by assumption, and α(η) and α(η ′ ) only differ by x n inside H j I (S) x , we must have α(η ′ ) = 0, as well. By commutativity of the above diagram, we have β(ϕ(η ′ )) = 0 and, since β is injective, we have ϕ(η ′ ) = 0. However, this means that η ′ ∈ x Ext j S (R, S), which contradicts the choice of η ′ . Therefore α is injective, and so is Ext Proof. Let t = depth(R). Clearly depth(R) f m (R). Since R/(x) is cohomologically full, x is a surjective element. In particular, for all integers n 1 we have an exact diagram
where the leftmost vertical map is the one induced by the natural projection R/(x n ) → R/(x). If, by way of contradiction, we assume that H t m (R) has finite length, then the middle map ·x n−1 :
m (R/(x)) cannot be surjective for n ≫ 0, contradicting the fact that x is a surjective element.
3.2. Flat base change. In this subsection we consider flat base change. Our first result deals with flat extension of the ambient regular local ring. In particular, if R is a homomorphic image of an unramified regular local ring, then R is cohomological full implies R Q is cohomologically full for every prime Q ⊆ R.
Proof. By Remark 2.4 (1) we may assume S, T are both complete. For every positive integer j, consider the following commutative diagram:
Finally, the last conclusion of the lemma follows because we can write R = S/I for an unramified regular local ring (S, m) and a localization of S is obvious flat over S and is still unramified: this is vacuous in equal characteristic, and in mixed characteristic, this follows from the fact that for every prime ideal P ⊆ S, we have P (2) ⊆ m 2 .
Corollary 3.5. Proof. This follows immediately from applying Lemma 3.4 to the e-th iteration of the Frobenius map of S, which is a faithfully flat map [Kun69] .
As a consequence, we observe that defining ideals of cohomologically full rings in positive characteristic give precisely the answer to [EMS00, Question 6.1]. Proof. It is tautological that (3) ⇒ (2) ⇒ (1).
(1) ⇒ (3) follows from Corollary 3.5 and Proposition 2.1.
We next obtain a stronger version of Corollary 2.6. This will help us construct examples and counterexamples later in this article. Recall that a ring R satisfies Serre's condition (S k ) if depth(R P ) min{k, ht(P )} for all P ∈ Spec(R).
Lemma 3.7. Let (S, m, k) be an unramified regular local ring of dimension n and I ⊆ S be an ideal. If S/I is a cohomologically full ring, then S/I satisfies Serre's condition (S 1 ). In particular, it has no embedded associated primes.
Proof. If dim(S/I) = 0 there is nothing to show, so let us assume that S/I has positive dimension. By Corollary 2.6, we have depth(S/I) > 0. The conclusion follows since (under our assumptions) the condition of being cohomologically full localizes by Lemma 3.4.
We next deal with more general faithfully flat base change. Using the result on deformation, we can prove the following: Proof. By Remark 2.4 (1) we may assume that A and B are both complete. Let x 1 , . . . , x t be a maximal regular sequence in B/mB, then x 1 , . . . , x t is a regular sequence on B and A → B ′ = B/(x 1 , . . . , x t ) is still faithfully flat with B ′ /mB ′ Artinian. If we can show B ′ is cohomologically full, then B will also be cohomologically full by Theorem 3.1. Hence we may assume dim A = dim B.
We can form the following commutative diagram:
T A = S/I / / B = T /J where S, T are complete and unramified regular local rings that surject onto A, B respectively. Since I = J ∩ S, I
n ⊆ J n ∩ S ⊆ I. Hence J n ∩ S are thickenings of I. Thus for every i, n 0, we have the induced commutative diagram on local cohomology (abuse of notation, m, n denote the maximal ideals of S, T respectively):
The left vertical map is surjective because A is cohomologically full and the map α is the base change − ⊗ A B (because dim A = dim B) hence it is surjective up to T -span. Therefore the T -span of the image of
is surjective for every i, n because its image is already a T -module. Therefore B = T /J is cohomologically full by Proposition 2.1 (6) ⇒ (1).
It is also quite natural to ask whether under a flat local extension A → B, B being cohomologically full implies A being cohomologically full? This question has a positive answer in characteristic p > 0. Proof. First of all we can pick a minimal prime Q of mB, the map (A, m) → (B Q , QB Q ) is still faithfully flat and B Q is cohomologically full by Lemma 3.4. Thus without loss of generality we may assume dim A = dim B. Since we are in characteristic p > 0, cohomologically full is the same as F-full by Corollary 2.2. Thus it is enough to prove that, in this case, A is F-full if and only if B is F-full. We consider the following commutative diagram:
Since B is faithfully flat over A, the left vertical map is surjective if and only if the right vertical map is surjective. This finishes the proof.
At the moment, we do not know whether Proposition 3.9 holds true in general. We propose it here as a question.
Question 3.10. Let (A, m) → (B, n) be flat local extension of local rings that are homomorphic images of unramified regular local rings. If B is cohomologically full, is A cohomologically full?
Remark 3.11. To answer Question 3.10 in equal characteristic 0, we can reduce to the case that A is cohomologically full on the punctured spectrum (by Lemma 3.4) and B is a finite free A-module (via a reduction argument similar to [Ma17, Proof of Lemma 5.1]).
3.3. Thickenings. In this subsection we study cohomologically full rings under thickenings. In general, if a thickening of S/I is cohomologically full, then S/I needs not be cohomologically full. We give an example.
Example 3.12. Let S = k x, y, z and let I = (x 4 , x 3 y, x 2 y 2 z, xy 3 , y 4 ). Since x 2 y 2 ∈ I : (x, y, z), we have that depth S/I = 0. However, dim S/I = 1, so S/I is not cohomologically full by Corollary 2.6. On the other hand, one can check that I 2 = (x, y) 8 S, and thus S/I 2 is a one dimensional Cohen-Macaulay local ring. It follows that S/I 2 is cohomologically full.
Another natural question arising from our definition is the following: if R is cohomologically full, then is R red cohomologically full? This question also has negative answer.
Example 3.13. Let k be a separably closed field of characteristic p > 0, and let R = k s 4 , s 3 t, st 3 , t 4 . It was shown by Hartshorne [Har79] that R is a set-theoretic complete intersection, hence there is a thickening T of R that is Cohen-Macaulay, hence cohomologically full. However, R = T red is not cohomologically full: R is a two-dimensional complete local domain with separably closed residue field that is not Cohen-Macaulay, so it cannot be cohomologically full by Corollary 2.11.
One could also ask whether the opposite implication holds, that is, whether R red being cohomologically full implies R is cohomologically full. This implication, however, is even less likely than its converse, because it is very easy to find examples of rings R that are not cohomologically full, but R red is even Cohen-Macaulay. One could then hope that, assuming R = S/I and R red = S/ √ I have the same depth, R is cohomologically full if R red = S/ √ I is cohomologically full. However, we next give an example which shows that this is not true, even if we consider a monomial thickening of a square-free monomial ideal.
Example 3.14. Let S = k x, y, z, w and let I = (x, y) ∩ (z, w) ∩ (x 2 , z 2 , w). It follows from Lemma 3.7 that R = S/I is not cohomologically full, because it is not (S 1 ). Moreover we have depth(R) = depth(R red ) = 1. However, we have R red = k x, y, z, w /(x, y) ∩ (z, w) is cohomologically full by Remark 2.4 (5).
Our main result in this subsection shows a good control of thickenings by a nonzerodivisor:
Theorem 3.15. Let (R, m, k) be a local ring that is a homomorphic image of an unramified regular local ring S and let x be a nonzerodivisor on R. Consider the following conditions:
(1) R/(x) is cohomologically full (2) R/(x n ) is cohomologically full for some n 1 (3) R/(x n ) is cohomologically full for all n 1
Then we have (3) ⇒ (2) ⇒ (1). Write R = S/I, we have (1) ⇒ (3) if there exists a system of ideals {I e }, cofinal with the ordinary powers {I e }, such that x is a surjective element for S/I e for all n. In particular, this holds if R has characteristic p > 0.
Proof. First of all (3) ⇒ (2) is obvious. Next we show (2) ⇒ (1), we will actually prove the following:
is cohomologically full for all m n.
Proof of Claim. Since R/(x n ) is cohomologically full, we know that x n is a surjective element. It follows from [MQ16, Proposition 3.3] that x is a surjective element and
) is surjective for all thickenings T that factors through R/(x n ), this implies R/(x m ) is also cohomologically full (for example, use Proposition 2.1 (1) ⇔ (6)).
Finally we prove (1) ⇒ (3) if there exists a system of ideals {I e }, cofinal with the regular powers {I e }, such that x is a surjective element for S/I e , for all e. By the above Claim, it is sufficient to prove that R/(x) is cohomologically full implies R/(x 2 ) is cohomologically full: then iterate this we know that R/(x 2 n ) is cohomologically full for all n and the Claim will establish (3). Note that the system {I n + (x n )} is a thickening of I + (x 2 ) that is cofinal with the regular powers {(I + (x 2 )) n }, therefore it is sufficient to prove that
) is surjective for all n. This map factors as the composition
). The first map is surjective because, by assumption, x is a surjective element for S/I n . Thus, it is enough to show that
) is surjective. Because x is a surjective element for S/I and S/I n , the following diagram has exact rows:
The first and third columns are surjections because S/I + (x) is cohomologically full by assumption. Therefore the map in the middle is surjective as well, as desired. The final claim follows from the fact that, in characteristic p > 0, the sequence of ideals {I [p e ] } satisfies the desired condition, since if S/I + (x) is cohomologically full, then so is S/I
[p e ] + (x p e ) for all e, by Corollary 3.5. The Claim then implies that S/I
[p e ] + (x) is cohomologically full as well, and therefore x is a surjective element for S/I
[p e ] .
In general, R is cohomologically full and x is a surjective element does not imply R/(x) is cohomologically full. We give an example. Suppose (R, m) is a local ring essentially of finite type over C (or any other field of characteristic zero). Then R is the homomorphic image of T P , where T = C[x 1 , . . . , x t ] and P is a prime ideal of T , so that R ∼ = (T /J) P for some ideal J ⊆ T . We pick a finitely generated regular Z-algebra A ⊆ C, in a way that all the coefficients of the generators of P and of J belong to A. Form T A = A[x 1 , . . . , x t ], and let P A = P ∩ A, and J A = J ∩ A. Observe that P A ⊗ A C ∼ = P , and J A ⊗ A C ∼ = J. By generic flatness, we may replace A by the localization A a , for some non-zero a ∈ A, and assume that R A ∼ = (T A /J A ) P A is flat over A. If n is a maximal ideal of A, and we let κ = A/n, then we can consider R κ = R A ⊗ A κ. This is now a local ring, essentially of finite type over a field of characteristic p > 0. In what follows, by abusing notation, we will say that κ = A/n belongs to a set S ⊆ Max Spec(A) to mean that n belongs to S. We consider the following problem.
Question 3.17. Let (R, m) be a local ring essentially of finite type over C. With the notation introduced above, is it true that R is cohomologically full if and only if R κ is cohomologically full for all κ in a dense subset S of Max Spec(A)? We can answer Question 3.17 in one direction: Proposition 3.19. Let (R, m) be a local ring essentially of finite type over C, and let A, T A , P A and J A be as above. If R κ is cohomologically full for all κ in a dense subset S of Max Spec(A), then R is cohomologically full.
Proof. Fix an integer n 1, and consider the natural map
Denote by K its kernel. After inverting a non-zero element a ∈ A, by generic freeness we can assume that K a is free over A a . Furthermore, inverting more elements if needed, we may assume that for all κ = A/n with a / ∈ n we have
. See [HH06, Theorem 2.3.5] and the preceding discussion for more details on this. It follows that K a ⊗ Aa κ is the kernel of the map Ext
is dense, we can find a maximal ideal n ′ ∈ S such that a / ∈ n ′ . Let κ ′ = A/n ′ , so that R κ ′ is cohomologically full by assumption. Then we have that K a ⊗ Aa κ ′ = 0, since the
is an injection by assumption. However, this forces K a to be zero by freeness. In particular, K is a torsion A-module, and thus
is injective. This is still true after localizing at P , so that Ext
is injective. The statement now follows by taking the direct limit over n, and using Proposition 2.1 (5) ⇔ (1).
Remark 3.20. The other direction of Proposition 3.19 seems to be related to the weak ordinarity conjecture [MS11] , and we expect it is difficult.
Proposition 3.19 can be used to prove that certain rings are cohomologically full in characteristic zero. In fact, sometimes it is easier to check cohomological fullness after reducing to characteristic p > 0 for infinitely many p, as in the following example.
Then R m is cohomologically full (where m denotes the unique homogeneous maximal ideal of R). In fact, we let A = Z, and we consider the rings
for prime numbers p ∈ Z. We will show that (R p ) mp is F-full for all p ≡ 1 mod 4. Since depth(R p ) = 2 dim(R p ) = 3, it is enough to show that for p ≡ 1 mod 4 the following facts hold true:
(1) The Frobenius map is surjective on
is generated by H F-thresholds were introduced in [MTW05] for regular rings, and then generalized and studied in the singular setup in [HMTW08] . The limit above was recently shown to exist in great generality [DSNBP17] .
We now present an upper bound for the a-invariants of an ideal J inside a polynomial ring S over a field of prime characteristic. Comparing this result with [DSNBP17, Theorem 5.8], we observe that here we obtain a similar type of upper bound, but for all the a-invariants. Furthermore, we only need that the quotient S/I is F-full (rather than F-pure). . Therefore, for all e ≫ 0 and all i ∈ Z, we get
Dividing by p e and taking the limit as e → ∞ gives the desired inequality.
In order to obtain similar results for algebras over a field of characteristic zero, we need to be able to keep track of the invariants that appear in Theorem 4.1 as we perform the reduction to characteristic p > 0 process. We focus on the weaker inequality.
Let R be an algebra of finite type over C, and assume it is standard graded. Then R is the homomorphic image of a polynomial ring S = C[x 1 , . . . , x t ], with deg(x i ) = 1 for all i. More specifically, we have that R ∼ = S/J as graded algebras, for some homogeneous ideal J ⊆ S. We can choose a finitely generated regular Z-algebra A ⊆ C, so that the coefficients of the generators of J lie inside A. Consider the graded ring A[x 1 , . . . , x t ], with deg(a) = 0 for all a ∈ A, and deg(x i ) = 1 for all i. Let J A = J ∩ A, and let R A = S A /J A . Observe that J A ⊗ A C ∼ = J. By generic flatness, we may replace A by the localization A a , for some non-zero a ∈ A, and assume that R A is flat over A. If n is a maximal ideal of A, with κ = A/n, we let S κ = S A ⊗ A κ, J κ = J A ⊗ A κ, and R κ = R A ⊗ A κ. Given a subset S ⊆ Max Spec(A), by abuse of notation we will say that a property holds for κ ∈ S, where κ = A/n, to mean that it holds for n ∈ S. 
for all i ∈ Z and all κ ∈ S.
Proof. Recall that µ(J) = dim C Tor S 1 (R, C) , and deg(J) = max{j ∈ Z | Tor S 1 (R, C) j = 0}. By inverting an element of A we may assume that Tor S A 1 (R A , S A /(x 1 , . . . , x t )S A ) is free over A. In particular, we have that /(x 1 , . . . , x t )S) = µ(J). Furthermore, by [HH06, Theorem 2.3.5 (e)], we have that
for all κ in a dense open subset of Max Spec(A). Counting vector space dimensions, it follows that µ(J κ ) = µ(J) for all such κ. As for the maximal degree of a minimal generator of J, we consider the A-submodule N := Tor
By inverting an element in A, if needed, we may assume that the inclusion N ⊆ M of A-modules splits. After tensoring with κ = A/n, we still have an inclusion
Since N is a finitely generated A-module, it follows by Nakayama's Lemma that N/nN = 0. This shows that Tor
The other inequality can be obtained with analogous considerations. The argument for a-invariants is similar to that for the maximal degree of a minimal generator. Note that, by graded local duality on S, we have that
By inverting an element of A, if needed, we may assume that the inclusion of A-modules N ′ := Ext
Sκ (R κ , S κ (−t)), which shows that Ext
By local duality on S κ we then have
As before, the other inequality is proved in a similar fashion.
With the notation introduced above, we say that an algebra R of finite type over C is of dense F-full type if R κ is cohomologically full (equivalently, F-full) for all κ in a dense subset of Max Spec(A). The vanishing of H j m (Ext i S (S/I, S(−n))) >0 when j > 1 is the local cohomology version of the Kodaira vanishing condition for X = Proj S/I. Question 4.4 has a positive answer when R is F-pure in characteristic p > 0 or when X is Du Bois in characteristic 0 (for example, see [DMV18] ). We were not aware of any counter-examples to Question 4.4 when R is F-injective in characteristic p > 0, or when R is cohomologically full. Below we give some partial answers.
We recall that a local ring (R, m, k) of characteristic p > 0 is called F-injective if, for all integers i, the map F : H For the second statement, assume that R is quasi-Buchsbaum and cohomologically full. Let v 1 , . . . , v t be a k -basis of H i m (R), and assume F ( i r i v i ) = 0 for some r i ∈ R, not all belonging to m. It follows that i r p i F (v i ) = 0, which shows that F (v 1 ), . . . , F (v t ) are linearly dependent over k. In particular, the R-span of F (v 1 ), . . . , F (v t ), which is the k-span of F (v 1 ), . . . , F (v t ), cannot be the whole H i m (R). This shows R is not F-full and hence not cohomologically full by Corollary 2.2, which is a contradiction.
In [MSS17, Example 3.5], it is shown that the assumption that k is perfect in the above cannot be removed. On the other hand, when char (k) ≡ 2 modulo 3, R = k[x, y, z]/(x 3 + y 3 + z 3 )#k[s, t] is an example of a ring that is Buchsbaum [Miy89, Theorem A], but not F-injective. In particular, R is not cohomologically full either.
Lemma 4.9. Let (R, m, k) be a standard graded cohomologically full k-algebra with finite local cohomology. Then H
